In a well-functioning futures market, the futures price at expiration equals the price of the underlying asset. This condition failed to hold in grain markets for most of 2005-10, calling into question the ability of these markets to perform their price discovery and risk management functions. During this period, futures contracts expired up to 35% above the cash grain price. We develop a dynamic rational expectations model of commodity storage that explains how these recent convergence failures were generated by the institutional structure of the delivery system. When delivery occurs on a grain futures contract the firm on the short side of the market provides a delivery instrument (a warehouse receipt or shipping certificate) to the firm on the long side of the market. The firm taking delivery may hold the delivery instrument indefinitely providing it pays a daily storage rate. The futures exchange sets the maximum allowable storage rate at a fixed value. We show that non-convergence arises in equilibrium when the market price of physical grain storage exceeds the maximum storage rate on delivery instruments. We call the difference between the price of carrying physical grain and the maximum storage rate the wedge, and demonstrate theoretically and empirically that the magnitude of the non-convergence equals the expected present discounted value of a function of future wedges.
Futures prices for corn, wheat, and soybeans on the major U.S. exchanges have recently exhibited patterns that call into question their role as venues for efficient discovery of cash prices. Specifically, the price for these futures contracts has repeatedly failed to converge to the price of the underlying commodity on the expiration date. Between 2005 and 2010 many Chicago Board of Trade 1 (CBOT) corn, wheat, and soybean contract expirations exhibited convergence failure with futures contracts expiring at prices up to 35 percent greater than the prevailing cash grain price (see figure 1) . The magnitude and persistence of this non-convergence distinguishes it from idiosyncratic pricing anomalies that have arisen in the past due to market manipulation in the form of "corners" and "squeezes" (Kyle 1984; Peck and Williams 1991; Pirrong 1993 Pirrong , 2004 Allen, Litov, and Mei 2006) . In spite of the convergence failure, these contracts continued to be actively traded. Average daily trading volume in the CBOT corn, soybean, and wheat contracts doubled between September 2005, when non-convergence first appeared, and September 2008 when non-convergence was at its worst.
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This wave of convergence failures in the face of increasing trading volume generated a heated public debate about possible causes. 3 Many blamed new financial index traders in grain futures markets.
For example, a report by the United States Senate Permanent Subcommittee on Investigations (USS/PSI 2009) claims commodity index trading caused the non-convergence in wheat markets. The USS/PSI report maintains that index fund capital overpowered arbitrageurs, who may have been limited by credit constraints and uncertainty over the time it would take to realize arbitrage profits.
We show in this article that a rational expectations commodity storage model explains persistent non-convergence, and that theories that appeal to bubbles or irrational traders are inconsistent with the empirical facts. The root of the problem is that, unlike many commodities, grain futures contracts are not settled by physical delivery of the commodity. 4 With physical delivery, arbitrageurs are able to force convergence by acquiring inexpensive grain in the cash market and delivering it at futures contract prices until cash and futures prices equalize. When delivery occurs on a grain futures contract the firm on the short side of the market provides a delivery instrument (a warehouse receipt or shipping certificate) to the firm on the long side of the market. The delivery instrument is a security that can be exchanged for grain at any time. The long taking delivery may hold the delivery instrument indefinitely, although the firm must pay a daily storage rate while it holds the instrument.
Our theoretical model shows that non-convergence arises in equilibrium when the market price of physical grain storage exceeds the cost of holding delivery instruments. The maximum allowable storage rate on delivery instruments is set by the futures exchange, and historically has not varied much over time. However, the price of physical grain storage has varied substantially over time with changing inventory levels. Plentiful inventories generate a high price of physical storage and small inventories cause the price of storage to become negative as firms receive a convenience yield for holding the commodity (Working 1948 (Working , 1949 Brennan 1958) . We call the difference between the price of carrying physical grain and the maximum storage rate the wedge. We show that the magnitude of nonconvergence equals the present discounted value of future wedges over the period that the wedge is expected to remain positive.
Divergence of prices from the present value of future payoffs defines a bubble. Rational bubble models provide an alternative model by specifying a price process that includes a bubble component that is expected to grow on average at the discount rate (e.g., Diba and Grossman 1988; Froot and Obstfeld 1991) . In such models, there is no arbitrage opportunity for rational traders to exploit. To incorporate this notion, we include in our model the possibility of a bubble solution in which the magnitude of the non-convergence (i.e., the basis) is driven by a non-fundamental noise term. We find that the empirical facts are inconsistent with the presence of such a bubble.
A separate branch of literature dispenses with the assumption of rational expectations for at least some traders and produces bubbles by introducing frictions such as noise trader risk (e.g., DeLong et al. 1990; Shleifer and Vishny 1997) , synchronization risk (Abreu and Brunnermeier 2003) , or short sales constraints (Scheinkman and Xiong 2003) . These frictions prevent arbitrageurs from eliminating bubbles.
Market commentators have suggested that frictions may underlie convergence failure. For example, on
July 21, 2009, Thomas Coyle, the Chairman of the National Grain and Feed Association, testified to the USS/PSI that "…disproportionate participation of investment capital has been the significant contributing factor to a disconnect between cash wheat values and wheat futures prices." Our analysis provides no support for frictions-based models as explanations of convergence failure.
Three recent studies examine the causes of the convergence failures. Each study is informative, but they do not provide a complete picture of the underlying economic forces that generate such large episodes of convergence failure. Heath's (2009) work is closest to ours. He develops a two-period theoretical model and shows how a cap on futures contract storage rates can induce non-convergence when the "capped" rate is below the market price of physical storage. However, his theoretical model does not show how relatively small differences in storage costs could lead to the large magnitudes of nonconvergence that occurred recently. He also does not conduct formal tests of model predictions, nor does he explain why the market price of storage may vary. Irwin, et al. (2011) identify a correlation between non-convergence and the occurrence of large carrying charges in corn, soybeans, and wheat. However, the authors did not explain why this correlation could arise or how it could be an equilibrium outcome. Aulerich, Fishe, and Harris (2011) argue that the long's carry-induced incentive to hold delivery instruments can be modeled as an embedded real option to exchange the delivery instrument for another contract. The option becomes more valuable as the relative volatility of cash and futures prices increases;
if the option value becomes large enough the cash and futures market can disconnect. A limitation of this framework is that it does not explain what drives the initial non-convergence.
We estimate an econometric model to test the predictions of our theory for CBOT corn, soybeans, and wheat and Kansas City Board of Trade (KCBOT) wheat. We regress the change in the basis on a set of explanatory variables including grain inventory at deliverable locations, a credit spread measure (e.g., 3-month commercial paper minus 3-month treasury bills), the relative cash and futures price volatility (to account for real option effects), the market position of commodity index traders (to represent index fund pressure), and inventories of materials and supplies divided by total sales for food products manufacturing firms (to capture convenience yield). The empirical evidence strongly supports our rational expectations model. Specifically, we find that high inventory in deliverable locations raises the wedge and the wedge is greatest early in the crop year when inventory is at its largest. We find no evidence of a bubble in grain futures prices caused by commodity index traders. Graphical analysis shows how the wedge, driven by inventory levels, explains the occurrence and magnitude of the non-convergence. We show in addition that lowering the cost of delivery does not provide a solution to non-convergence. The CME tried expanding delivery points in the wheat market in 2009 to no avail, which is consistent with our theory.
Our results imply that convergence can be restored by raising the storage rate on delivery instruments. The CME recognized this point (Seamon 2009 ) and introduced the Variable Storage Rate (VSR) system in 2010, which raises and lowers the storage rate for CBOT wheat depending on market conditions. The VSR system initially produced a larger maximum storage rate, which reduced the wedge and restored convergence in CBOT wheat. By early 2013, the maximum storage rate had returned to its pre-VSR level. Despite its success, the VSR has been controversial. Market commentators blamed the rising VSR for causing the price of grain storage to increase in 2010 and 2011. Our theoretical and empirical results show that the causation operated in the opposite direction, and the success of the VSR provides further evidence in support of our explanation.
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How a Storage Price Wedge Causes Non-Convergence
First, we describe the institutional details of the delivery process for CBOT and KCBOT futures, and then
we present a conceptual model of the delivery market to explain non-convergence.
Institutional Background
As noted by Pirrong, Kormendi, and Haddock (1993, p. 9) , "The delivery terms of futures contracts specify the types and grades of deliverable goods, and denote the places and times of delivery that must be met to avoid default on an outstanding contract." These terms evolve over time to reflect changes in the commercial standards for market transactions. If futures contract terms become misaligned with prevailing standards then the contract may no longer serve as a useful hedging instrument and its continued existence is threatened. Grain futures contracts traded at the CBOT and KCBOT specify a par delivery location and grade for each contract. Delivery at non-par locations and grades is permissible at fixed premiums or discounts.
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In a competitive market with costless physical delivery at one particular location and date, arbitrage will force the futures price at expiration to equal the cash price. If the futures price exceeds the cash price, the cash commodity would be bought, futures sold, and delivery made. If the cash price exceeds futures, then futures would be bought, the buyer would stand for delivery, and then would sell the commodity in the cash market. This type of riskless arbitrage prevents the law of one price from being violated. In such a well-functioning delivery system, only a minimal number of futures deliveries are needed because long and short futures position holders are indifferent to offsetting their positions rather than making and taking delivery. As Hieronymus (1977, p. 340) notes, "A futures contract is a temporary substitute for an eventual cash transaction. In markets that work, delivery is rarely made and taken;
futures contracts are entered into for reasons other than exchange of title."
In reality, delivery arbitrage is more complex. When a futures contract allows multiple delivery days, locations and grades, as is the case for CBOT and KCBOT grain contracts, delivery will occur at the "cheapest-to-deliver" date, location, and grade because the shorts, or makers of delivery, seek the lowest cost alternative for sourcing the commodity to satisfy delivery obligations (Stulz 1982; Johnson 1987) .
The value of these delivery options to the short (timing, location, and grade) in grain markets may vary over time (Hranaiova and Tomek 2002; Hranaiova, Jarrow, and Tomek 2005) . Furthermore, both longs and shorts involved in the delivery process incur costs, which in turn determine arbitrage bounds for the convergence of cash and futures prices at delivery locations.
Delivery on CBOT and KCBOT grain futures contracts is not satisfied directly by physical grain, but instead by issuing a warehouse receipt in the case of KCBOT wheat or a shipping certificate in the case of CBOT corn, soybeans, and wheat. 7 A warehouse receipt is a legal document that provides proof of ownership (title) of a certain grade and quantity of a commodity at a given storage facility; e.g., 5,000 bushels of number one hard red winter wheat in firm x's warehouse in Kansas City, Kansas. Crucially, warehouse receipts used in the futures delivery process are negotiable, and thus transferable between parties. A shipping certificate is also a legal document, but rather than representing actual grain in storage, it gives the holder the right but not the obligation to demand load-out of the designated commodity from a particular shipping station; e.g., 5,000 bushels of number two yellow corn loaded on a barge at firm y's shipping station on the Illinois River at LaSalle, Illinois. If a maker of delivery is not a regular firm, he/she must buy a receipt or certificate from a regular firm, another holder of a receipt or certificate, or have taken delivery on a previous long futures position. A regular firm that is short is the only party that has the ability to make an "original" delivery with a newly issued delivery instrument. Regular firms are typically large commercial grain firms, such as Cargill, Bunge, and Archer Daniels Midland.
Firms issuing delivery instruments must either: (i) have an equal quantity of grain in storage at the delivery location, (ii) have an equal amount of grain in storage at a facility near the delivery location, or (iii) be able to source the grain as needed to fulfill their contractual obligation. In the case of (iii), the exchange enforces this requirement by stipulating the maximum number of delivery instruments that a firm may issue. The maximum for each firm is determined by the amount of storage space it controls.
These restrictions imply that firms holding short futures positions cannot make unlimited deliveries.
Because grain is costly to store, a long taking delivery on a CBOT or KCBOT grain futures contract incurs a storage cost for as long as it holds the delivery instrument. This fee is assessed daily and the rate set by the futures exchange rather than the market. This daily storage rate is actually the maximum that can be charged by regular firms, but there is little evidence that regular firms have charged less than the maximum fee to takers of delivery. Historically, the storage rate has been fixed for long periods of time. As an example, the maximum storage rate for CBOT wheat futures contracts was fixed at 15/100 of a cent per bushel per day (about 4.5 cents per month) from the early 1980s until June 2008.
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In an attempt to address recent convergence problems, the CME broke with its long practice of fixed storage rates and implemented a variable storage rate (VSR) rule for wheat beginning with the September 2010 contract (Seamon 2009 ). The VSR is keyed to the level of term spreads (difference in price across futures contract maturities on a given date) in the period immediately preceding the expiration of the nearby contract. The impact of the new rule on market performance is a source of considerable controversy, particularly among grain traders.
Representative Agent Model of the Delivery Market
To explain non-convergence and illustrate our main result, we begin with a stationary representative agent model. The representative agent behaves competitively according to rational expectations and is risk neutral. In the next section, we proceed to a multiple agent model with frictions to allow for alternative explanations such as firm heterogeneity, transaction costs, and bubbles.
The representative firm enters period t with an endowment of I t-1 units of the commodity and faces cash market net demand 1 ( , )
where P t denotes the spot commodity price. In period t, it chooses how much of the commodity to store for possible sale in the second period (I t ) and how much to sell in the current period (I t-1 −I t ). Uncertainty enters the model through the net demand shock ε t , which we specify to be stationary and ergodic.
We divide the price of grain storage into two components: the warehousing cost and the convenience yield. The warehousing cost, δ t , is exogenous and includes the rental fee for warehouse space, handling and in-and out-charges, and insurance. The market price of physical storage may differ substantially from δ t due to convenience yield, a concept introduced by Kaldor (1939) and developed further by Working (1948 Working ( , 1949 and Brennan (1958) . Convenience yield is typically motivated as an option value generated by transactions costs associated with sourcing the commodity (Telser 1958) or by the possibility that inventories could be driven to their lower bound (Routledge, Seppi, and Spatt 2000) .
Two options are particularly relevant in grain markets. First, having grain in storage allows firms to take advantage of merchandizing opportunities that require immediate access to grain. Second, filling binspace with grain imposes an opportunity cost because that space cannot be used for anything else (Paul 1970) . For example, holding wheat in storage reduces opportunities to take advantage of merchandizing opportunities in corn. The first option increases willingness to hold inventory and is likely to have high value when inventory levels are low, whereas the second reduces willingness to hold inventory and is likely to have high value when inventory levels are high.
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We abstract from the underlying forces that generate convenience yield and specify it as a monotonically non-increasing function of inventory, denoted by y(I t ). This formulation is consistent with the empirical regularity first established by Working (1948 Working ( , 1949 , who used Chicago wheat storage data to show that the price of storage increases with the level of inventories. Combining the cost of storage and convenience yield, the market price of storage in our model is ( ). If the agent holds the instrument, then its present value equals the discounted expected value of the instrument next period minus the storage rate. If the agent converts to grain, then its present value equals the cash grain price. The expiring futures price, which equals the price of the delivery instrument, is therefore
Note that the expiring futures price can exceed the spot price. This will occur when the value of the delivery instrument exceeds the value of spot grain and can be shown explicitly by writing the basis as
[ ] max 0, 1 Equation (4) also shows that the level of the basis in t depends on the expected basis in t+1, which depends on the expected basis in t+2, etc. Specifically, (1 ) 1 etc... .
To obtain a more easily interpretable expression for the basis, we define ( ) 
Hence, the basis equals the expected present discounted value of future wedges for as long as the basis is positive. It implies that a relatively small wedge term in period t can have a large effect on the basis if it is expected to persist for an extended period. It also implies that current and expected future inventory levels are the main driver of the basis through their effect on convenience yield.
Only positive expected future basis values enter equation (6), so the basis has an option like payoff structure. We could conceptualize (6) as the value of an option that gives the holder the right to exchange a shipping certificate for the physical commodity in any period. Aulerich, Fishe, and Harris (2011) also view the long's incentive to hold delivery instruments as an embedded exchange option.
They price the option as a function of the relative volatility of cash and futures prices, whereas in our model the option value depends on expected future wedges. If changes in expectations of future positive wedges increase the ratio of cash price volatility to futures price volatility, then both models could be correct. However, relative volatility is likely to be highest when inventories are scarce and the market is in backwardation. In contrast, our formulation in (4) stipulates that the wedge is largest when inventories are large, which typically coincides with low relative volatility (Smith, 2005) thereby contradicting the predictions of Aulerich, Fishe, and Harris (2011) . In our empirical section, we use regression analysis to determine whether inventory or relative volatility better explains non-convergence.
The futures term spread is intimately related to the basis. If the deferred futures price exceeds the expiring futures price plus the costs of capital and holding delivery instruments, then there is an arbitrage opportunity. Thus, the absence of arbitrage requires , , 1 / (1 ) 
Equations (4) and (7) (2011) identified; namely that the futures market is at full carry when the basis is inflated. Our model shows that full carry occurs when plentiful inventories drive the price of physical storage above the cost of holding delivery instruments.
To further understand this result, consider the following decomposition of the expected price of storage: 
If the current and expected future basis equals zero, then the futures term spread equals the expected price of storage. However, equation (7) shows that the futures term spread is capped by the maximum storage rate γ t . If the price of physical storage exceeds this cap, then the basis must widen because the maximum storage rate is not sufficient compensation for physical storage. This implication is independent of how many delivery instruments are issued -what matters is the wedge in storage costs.
Figure 2 illustrates this result using the classic two-period supply-of-storage framework developed by Working (1948 Working ( , 1949 and Brennan (1958) . For this two-period illustration, we set
. Panel A of figure 2 displays a case with high inventory (I 1 ) and therefore low convenience yield and a high price of storing the physical commodity. The fixed maximum storage rate implies an upper bound for the futures term spread that is lower than the physical price of storage, so the basis widens. Panel B shows a case with low inventory carryover and therefore a large convenience yield that drives the price of physical storage below the level required for the agent to hold delivery instruments, so the basis equals zero.
The discussion above reveals a breakdown in Working's famous argument about the role of a futures market in the temporal allocation of stocks (Working 1949 (Working , pp. 1257 Equation (8) shows that the term spread in a futures market provides 'a direct measure of the return to be expected from storage' only if the price of storing the physical commodity is less than the cost of holding the delivery instrument. Otherwise, the term spread provides a downward-biased estimate of the expected returns from storage. If market participants are less well-informed than the firms our model represents and use the term spread to guide physical storage decisions, they will underestimate the returns to storage and therefore store less than is optimal. This result shows how the futures term spread fails to reveal the price of storage in the presence of non-convergence.
Alternative Explanations for Basis Non-Convergence
Before proceeding to an empirical analysis of the implications of our model, we first outline other possible explanations for non-convergence.
Index Fund Pressure
This hypothesis was raised most prominently in the USS/PSI (2009) The hypothesized effect of commodity index funds on non-convergence in grain markets is part of a larger concern about the impact of speculation on commodity and food markets. The principle concern is that waves of index fund investment generated a series of bubbles in commodity futures prices (e.g.
Masters 2008
). This has led to various efforts to restrict or tax speculation in commodity futures markets.
Commodity index funds take positions only on the long side of the market. If traders on the short side of the market were unable to accommodate the increased demand for long futures positions, perhaps because of credit constraints or uncertainty over the time it would take to realize arbitrage profits, then futures prices would rise. The USS/PSI report is silent on why delivery arbitrage would not prevent cash and futures prices from decoupling. Moreover, this hypothesis carries no implications about the connection between the term spread and the basis. It also implies that changes in futures positions held by commodity index traders should be positively correlated with the basis. We investigate these implications empirically.
Firm Heterogeneity and Market Frictions
During the recent period of non-convergence, a common refrain was that financial institutions had access to cheap capital and that holding delivery instruments provided a lucrative way to earn returns on that capital. On the other side of the market, regular firms often argue that giving up warehouse space or tying up shipping facilities in the delivery process is costly. In this section, we generalize our model to investigate the extent to which frictions such as differing capital costs and "inconvenience costs" associated with issuing delivery instruments could explain the basis.
We consider a model with two representative agents: the regular firm and the financial firm. The regular firm may issue delivery instruments and has the capacity to store grain, whereas the financial firm may not issue delivery instruments and cannot store grain. The financial firm is not necessarily a bank or a hedge fund, although some banks and hedge funds hold delivery instruments in these markets. The key feature is that the financial firm has access to cheaper capital than the regular firm. Thus, the friction in this market comes from a wedge in capital costs due to the perceived risk associated with grain handling.
The financial firm has capital cost f t r , which may be less than but cannot exceed the capital cost r t faced by the regular firm. The two firms operate with identical information sets, have homogeneous rational expectations, and behave competitively in all markets.
The regular firm incurs a cost from outstanding delivery instruments that it has issued, which we term inconvenience cost. This cost is incremental to the price of storing grain in the physical market, Alternatively, it could reflect futures exchange rules that require the firm to store grain that backs delivery instruments in a more costly location than it would use for unconstrained storage or because the possibility of load out reduces the firm's available throughput capacity and thereby reduces its ability to handle grain for customers (Paul 1970) . Finally, inconvenience cost can also represent transactions costs associated with issuing delivery instruments. We specify the inconvenience cost as a monotonically nondecreasing function of the number of certificates issued and held, C t . We denote this function by x(C t ).
Equilibrium in the physical commodity market is still represented by (2) because only the regular firm trades in that market. However, the delivery instrument market contains both agents, so it differs from the previous section. The financial firm can take delivery of a delivery instrument in period t at price F t,t . After taking delivery, the firm can enter a futures contract to deliver the certificate back to the regular firm in period t+1 at price F t,t+1 . Thus, because the financial firm behaves competitively, its demand curve for delivery instruments is , 1 , . 1
The demand for delivery instruments is perfectly elastic; the financial firm will absorb as many instruments as the regular firm is willing to issue at this price.
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The marginal payoff to issuing a delivery instrument that is held until next period equals , ( ) + γ − t t t t F x C , and the cost is the discounted price of buying the certificate back next period, i.e., F t,t+1 /(1+r t ). Thus, the regular firm would be willing to have C t outstanding delivery instruments if , 1 , ( ) 1
Given the no-arbitrage condition , ≥ t t t F P and the fact that the regular firm behaves competitively, (10) implies that the supply curve for delivery instruments is given by , 1 , max , ( ) . 1
This curve is weakly upward sloping because x(C t ) is monotonically nondecreasing in C t . Inserting (2) into (11) 
The greater the inconvenience cost, the greater is the required price F t,t to issue delivery instruments.
Next, we show that a positive inconvenience cost implies that the delivery instrument market clears only if the regular firm faces a greater capital cost than the financial firm. 
denotes an expanded wedge that includes both the storage price wedge (W t from equation (4)) and a capital cost wedge. If = f t t r r , then these expressions reduce to their counterparts in equation (4).
The market clearing condition in (14) describes a competitive equilibrium in which expected profit equals zero for both firms. It implies that delivery instruments will not be issued if the inconvenience cost to the regular firm exceeds the scaled difference in capital cost between the two firms.
This result arises because the term spread in the futures market is determined by the financial firm's cost of capital, i.e., from (9), we have , 1 , 
The magnitude of the basis does not depend on the inconvenience cost function because the regular firm issues delivery instruments up to the point at which its marginal inconvenience cost equals the marginal gain from access to cheap capital. This mechanism may be particularly relevant under a shipping certificate system because regular firms keep only a small amount of grain on hand to meet load out demands, and can leverage that grain by issuing multiple times as many certificates. If the exchange were to make it less costly for the regular firm to issue each delivery instrument, then the firm would issue more instruments to return its marginal inconvenience cost to its level before the reduction.
We model both firms as behaving competitively. A relevant empirical alternative could be that the regular firm has monopoly power. In the model as presented above, the regular firm faces a perfectly elastic demand for delivery instruments, so it could not extract monopoly rents by reducing supply in this market. However, if the demand for certificates were less than perfectly elastic, which could arise if the financial firm faced an increasing marginal cost of capital, then the regular firm would have an incentive to extract monopoly rents by issuing fewer delivery instruments. The effect on the model would be the same as the inconvenience cost because issuing an additional certificate would lower the price received on all certificates, i.e., monopoly power would act as a negative inconvenience cost.
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In sum, the market frictions hypothesis implies that credit spreads affect the basis and that easing delivery restrictions should not reduce the basis. We investigate these implications empirically.
Bubbles
The stationary equilibrium in (2), along with a transversality condition, ensures that the sequence in (6) converges as s→∞, where s reflects future time periods. This result follows from the fact that with probability one the model will enter a state with a zero basis, i.e., convergence will occur someday. Also, because convergence is guaranteed on some future date, we can view the delivery instrument and grain as claims on the same future asset, namely future grain. In other words, the delivery instrument and cash purchases of grain provide two ways of obtaining future grain. The wedge term implies that the expected stream of payoffs differs across these two claims and therefore that their current prices differ.
We consider the possibility that the transversality condition does not hold and the basis contains a (Diba and Grossman, 1988) .
However, because the firms in our model are infinitely lived, neither would be willing to take the other side of this hedge. Both firms know that the bubble will burst at some future date and at that time the firm on the other side of this hedge would be left holding delivery instruments or grain for which it had overpaid (Tirole 1982) . To the extent that firms do not display such rationality, bubbles could arise.
Our theoretical model implies that the basis jumps up on a good crop and then steadily declines as inventory declines. Such a steady decline is difficult to explain using a bubble model. Bubbles are typically associated with spikes and crashes, and bubble models such as (18) imply that the basis should increase in expectation rather than decrease steadily. In addition, a bubble implies that the basis exceeds the present value of expected future positive wedges. We investigate these implications empirically.
Preliminary Evidence for the Wedge Theory
In this section, we highlight five predictions of our model and show that they are consistent with the data.
We proceed to a more formal empirical analysis in the following section.
The most general version of our theory as expressed in (17) 
Thus, conditional on the period t basis and term spread, next period's expected basis is negatively related to the wedge. The wedge is like the dividend on a stock. When a dividend is paid, the stock price drops.
The discounted expected change in price equals the amount of the dividend, so a higher dividend implies a lower expected price. In our context, when inventory levels are high, the wedge is expected to remain positive for some period of time. The basis equals the present value of those positive wedges. Each month that passes, there is one fewer month of positive wedges to earn, so the basis drops. We expect the basis to jump up on a good crop and then steadily decline as inventory declines. Thus, we have two additional predictions:
Prediction III periods of non-convergence coincide with a high wedge and relatively high inventories
Prediction IV during non-convergence periods, the basis declines each month by an amount equal to the wedge Finally, we note that only positive wedges generate non-convergence. Thus, our fifth prediction is:
Prediction V raising the storage rate above the physical price of storage will restore convergence First, we show that Predictions I and II hold for each of the four contracts. For Predictions III-V, we focus on CBOT wheat, which was the poster child for non-convergence. Prior to 1996, Kansas City was the only delivery location and it appears this led to a market imbalance that favored long futures holders. Once Hutchinson was added as delivery location in 1996 this imbalance disappeared. Overall, with the exception of 1990-1995 for KCBOT wheat, the behavior of basis is quite consistent with the prediction from our theory that basis is zero or positive.
The Basis and the Term Spread
With regard to Prediction II, table 1 shows the average basis for contracts that expire when the futures market is at full carry. 18 We present results for both the cheapest-to-deliver location and for a fixed location. For corn and soybeans, we use Toledo as the fixed location until the end of 1999, when Toledo ceased to be a delivery location. Beginning in 2000, we switch to the Illinois River location. We use Toledo as the fixed delivery location for CBOT wheat and Kansas City for KCBOT wheat. We report fixed-location results because, as shown in equation (8), the price of grain storage at a particular location can be decomposed as the term spread plus the basis. This connection between basis and the term spread is less direct across difference locations. The average basis levels in table 1 confirm the correlation first identified in Irwin et al. (2011) that basis expands to large positive values when the term spread is at full carry. This behavior is again consistent with Prediction II of our theory.
A Case Study of CBOT Wheat
Figure 3 provides some graphical support of our model for CBOT wheat. The figure shows the basis, the wedge and inventory in Toledo, which was usually the cheapest-to-deliver location during this period.
Each curve in figure 3 is compiled from the average over the first five days of delivery for each contract expiration between March 1986 and September 2013. when the CME introduced a seasonal storage rate and dramatically in 2010 with the introduction of the VSR. The second component (solid line) shows the remaining components of the wedge, i.e., from (17) this term is is the shock to the basis and the second line follows from (15). We plot a three-period, centered moving average of this quantity to smooth out the shocks ε t+1 and label this curve the price of physical grain storage. The wedge is the difference between the two curves. Comparing panels B and C, this curve is closely related to inventory, which is consistent with the wedge being driven The introduction of VSR coincided with a futures market that was close to convergence. A month later, the devastating effects of the Russian drought on wheat production became clear and Russia imposed an export ban. These events generated an increase in the international demand for US wheat and therefore increased the demand for storing wheat for later sale. Wheat inventories thus remained high and the price of storage increased. Reflecting this higher price of storage, the VSR increased gradually over the following year, reaching its peak of 20c in May 2011, before declining steadily back to 5c as inventory levels declined. By 2013, inventory levels were at their lowest levels since the 2008 spike and the futures market was converging consistent with Prediction V.
With the aid of figure 3 , the reasons for the recent and dramatic failures of convergence come into sharper focus. Demand and/or supply shocks to the underlying commodity created a surge in inventories, which in turn drove up the price of physical grain storage. This market price of storage substantially exceeded the maximum storage rate being paid on CBOT and KCBOT grain futures contracts. In the case of CBOT wheat, panel B shows that the gap between the two was very large for much of 2008-2010, and hence, the very large delivery location basis. The gap between the two series only began to narrow with the implementation of the VSR rule, which started with the September 2010 contract.
Regression Analysis to Explain the Wedge
We focus on the implications of inventory for the basis because the wedge itself is unobservable. Data on the physical price of grain storage essentially do not exist. Some grain elevators post storage prices, but these prices do not include convenience yield. Moreover, posted storage prices rarely change, so they represent a small fraction of the variation in the price of storage. This feature of the market explains why in the development of our theory we divide the price of grain storage into two components (warehousing cost and convenience yield) and why we emphasize the convenience yield.
Based on (19) where Z t denotes a vector of explanatory variables. The subscript t represents contract expirations, so the elapsed time between observations ranges from one to three months. Thus, in our regressions, we scale the left-hand-side by the number of months elapsed between t and t+1 to reduce heteroskedasticity. Equation (20) shows that the dependent variable in (21) equals the wedge plus noise; a high wedge in period t indicates a high basis in period t that is expected to decline by next period. We use variables predicted by theory and known from prior empirical work to affect the price of storage.
20 Details on all variables used in our regressions are presented in the online appendix. Unit root tests indicate that all variables are covariance stationary.
We begin by using inventory as our only explanatory variable to establish a correlation between inventory and the wedge, as implied by our theory. Then, in the next section, we add variables to address other possible explanations for non-convergence. We provide the estimated results for the three CBOT contracts individually and the KCBOT wheat contract in table 2. For each commodity, we measure the basis using the cash price at a fixed location because, as shown in equation (8), the price of grain storage and therefore the wedge at a particular location can be decomposed as the term spread plus the basis. cents per month during most of this period, so the inventory effect is substantial.
To assess the possibility that a high wedge draws inventory into delivery locations rather than the other way around, we use instrumental variables estimation. We use national crop-year beginning stocks of the commodity as an instrument. This variable is determined by the size of the most recent harvest and prior-year aggregate storage decisions, which are unlikely to be caused by an anticipated future wedge in storage costs. In all cases, this proved to be a strong instrument (1 st stage F>10). The instrumental variables estimates were close to the OLS estimated reported in table 2. Only in the case of corn does the Hausman test suggest the presence of endogeneity, but the difference in the coefficients is not large.
We test whether the parameters are significantly different before and after October 2006. We choose this date based on the finding in Carter, Rausser, and Smith (2013) that the demand for corn inventory increased significantly in the fall of 2006 due to an increase in the demand for current and future corn caused by the growth in ethanol production. They show that this shock increased the price of storage for corn, an effect that would have spilled over to other grains. 22 We find evidence of a break for all four contracts. Consistent with the findings of Carter, Rausser, and Smith, the post-break inventory coefficients tend to be larger than the full sample coefficients. This evidence reinforces our claim that the price of storage was the primary driver of the recent non-convergence episodes, and it implies that the supply of storage curve is not constant over time. Thus, our full-sample estimates reflect the relationship between the wedge and inventories on average over our sample period. This relationship may differ from the average in some sub periods. We correct the standard errors of our full-sample estimates for any autocorrelation that may be induced by these breaks, which allows correct inference about the average effect of inventory on the wedge.
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The econometric results highlight the key role of inventories and the price of physical storage in explaining non-convergence. The results are consistent with our theory, which predicts that, given a constant contract storage rate, the wedge and consequently the basis expands when grain inventory is plentiful and collapses when inventories are scarce. Specifically, non-convergence in theory will develop as cash prices drop after a temporary price shock. The temporary nature of the shock is important, because only temporary shocks such as an exceptionally good harvest will cause inventories to run up sharply and convenience yield to fall. Table 3 shows regression estimates with an expanded set of explanatory variables chosen to capture alternative hypotheses to explain non-convergence. 24 These variables are as follows:
Assessing the Alternative Explanations
The log standard deviation of the difference between daily spot and nearby futures returns during the month prior to delivery to capture the option value in Aulerich, Fishe, and Harris (2011) .
(ii)
The log of the ratio of inventories of materials and supplies held by food products manufacturing firms to sales of those firms. This variable captures the possibility that more efficient inventory management systems may have reduced the willingness of manufacturing firms to hold inventory thereby reducing convenience yield and increasing the wedge.
(iii) The spread between yield on 3-month non-financial commercial paper and 3-month Treasury
Bills to approximate differences in the cost of capital between regular and financial firms that may have expanded the wedge.
(iv) The change in futures positions held by commodity index traders to capture the index fund pressure hypothesis in USS/PSI (2009).
We report results with and without a linear trend and contract-month fixed effects. The purpose of the trend is to control for the possibility of spurious regression due to coincident trends. 25 It has a small and insignificant coefficient in each case. The fixed effects compete with the inventory variable because inventory varies seasonally; it is largest right after harvest and smallest just before the next harvest.
The results in table 3 show that the wedge is lowest late in the crop year when inventories are low and highest around the harvest when inventories are plentiful. The corn and soybean harvest occurs around October. Corn and soybeans exhibit the lowest month effects in July and August, and the highest in September and November, respectively. (November is the omitted category in the definition of the dummy variables for soybeans.) The winter wheat harvest occurs in June and July, which is consistent with the basis being small in March and largest in September. For three of the four commodities, the inventory coefficient is smaller in the model that includes the fixed effects, which is consistent with the intra-season effects being positively correlated with inventory.
The coefficient on volatility is statistically insignificant in all cases, and is not consistent in sign.
It is associated with a higher wedge for the soybean and wheat CBOT contracts and a lower wedge for KCBOT wheat. This finding suggests that the option to convert delivery instruments into grain does not increase in value when volatility is high, which is the prediction of the exchange-option model in Aulerich , Fishe, and Harris (2011) .
For the inventory-sales ratio, the estimated coefficients are negative in almost all cases. The corn model with month fixed effects and both KCBOT wheat models produce statistically significant coefficients at the 5% level. The log of the inventory-sales ratio declined by 0.16 between 2001 and 2013 which, for KCBOT wheat 30*0.16=4.8c increase in the wedge. Taken together, these estimates suggest weakly that the convenience yield in food manufacturing may have declined over time thereby increasing the wedge. The evidence is most consistent for hard red winter wheat, which is used to make bread and general purpose flour.
The coefficients on the remaining variables in the model are not statistically significant for the most part, although they often possess the expected signs. Next, we discuss these variables in the context of the hypotheses that they represent.
Index Fund Pressure
The coefficient on CIT positions is insignificant and varies in sign across the four contracts, so our regressions provide no evidence that CIT positions affected the basis. Moreover, the index fund pressure hypothesis makes no prediction about the connection between inventory and the basis. The fact that we find such a connection and that it is implied directly by our theory further reduces the plausibility of the index fund pressure hypothesis. Index fund positions grew rapidly in 2004-2006 before leveling off, whereas non-convergence was largest in 2008-2010. Moreover, this theory suggests that non-convergence should be associated with increasing futures prices, whereas our theory implies that the largest basis typically occurs when prices are falling. Notably, and in support of our theory, figure 3 shows that the largest CBOT wheat basis occurred as prices declined from their 2008 peak.
Our findings do not support the notion in the USS/PSI (2009) report that commodity index traders overpowered arbitrageurs and thereby expanded the basis. This result is consistent with Stoll and Whaley (2010) , Irwin et al. (2011), Aulerich, Irwin, and Garcia (2013) and Hamilton and Wu (2013) who found no evidence that CIT positions significantly expand term spreads in CBOT corn, soybeans, and wheat. Mou (2011) finds evidence that term spreads expand during the period when commodity index funds roll from one contract to another. However, such effects are concentrated in commodities such as energy and livestock, which exhibit much greater spread volatility than grains and oilseeds.
Firm Heterogeneity and Market Frictions
The credit spread coefficient is positive for 2 of the 4 contracts but is not statistically significant at the 5% level in any case; it is significant at 10% for corn. The point estimate for corn is 6.67, and it implies that a one standard deviation (30 basis point) increase in the credit spread is associated with a 2 cent increase in the wedge. A 2 cent increase in the wedge that is expected to last for a year would raise the basis by about 24 cents, so this quantity is non-negligible. However, the imprecision of this estimate, along with the lack of evidence for similar effects in the other contracts, suggests that credit spreads are not a major driver of the wedge.
The version of our theory that allows for firm heterogeneity and market frictions predicts that making delivery more convenient would not reduce the basis. This prediction is quite relevant to changes made in the CBOT wheat contract. In July 2009, the CBOT more than doubled the contract's delivery capacity by adding new delivery locations in Northwest Ohio, on the Ohio River, and on the Mississippi
River. This change gave greater flexibility to regular firms and thus lowered the inconvenience cost of making delivery. However, it had no effect on the basis because it was inconsequential for the price of storing wheat in the physical market and therefore had no effect on the wedge. To answer this question, and similar questions for the other commodities, we examine whether subsequent wedges were large enough to match the basis using the present value expression in (6). Figure   4 shows, for each delivery date, the implied basis if traders expected the current wedge to persist either until the next harvest or the harvest after next. 27 Thus, it gives a range of plausible estimates of the present value of future positive wedges. For September 2008, this calculation produces a range of $1.20 to $2.63
for the wheat basis in Toledo. This range includes the actual basis of $1.95. The peak basis for the other three contracts also lies in the range implied by this calculation. If these peaks constituted bubbles, then the basis would have exceeded the rational expectation of future wedges. In contrast, we find that the peaks lie within the ex-post rational range we calculate.
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The slow declines from the peaks in the basis are also inconsistent with the bubble theory.
Figures 3 and 4 show that periods of high basis typically begin with a spike at harvest which then slowly declines during the crop year. The period beginning in September 2008 in CBOT wheat provides the starkest example of this pattern. In contrast, models of bubbles imply that traders expect the price to increase over time. This expectation does not imply that actual prices should increase over time; spikes and crashes may generate a bubble price path that differs from the ex ante expectation. Nonetheless, a steady decline in the basis is incongruous with a model in which traders expect an increasing basis.
Conclusion
In this article we develop a dynamic rational expectations model of commodity storage that explains recent convergence failures in grain futures markets. When delivery occurs on a grain futures contract, the firm on the short side of the market issues a delivery instrument (a warehouse receipt or shipping certificate) to the firm on the long side of the market. The delivery instrument is a security that can be exchanged for grain at any time. The long firm may hold the delivery instrument indefinitely, although it must pay an exchange determined daily storage rate while it holds the instrument. We show that nonconvergence arises in equilibrium when the market price of physical grain storage exceeds the cost of holding delivery instruments. We call the difference between the price of carrying physical grain and the cost of carrying delivery instruments the wedge. We show theoretically that the magnitude of the nonconvergence equals the expected present discounted value of a function of future wedges.
Empirical findings support our theoretical model, providing evidence of the importance of inventories at the deliverable locations as the key factor in explaining the wedge and basis behavior over time. As anticipated from the theory, inventories have a pervasive effect on the basis in all the markets, and the expected present discounted value of future wedges maps closely the magnitude of nonconvergence. Theoretical predictions are also consistent with the relative effectiveness of CME's actions to bring about convergence in CBOT wheat. Increasing the number of delivery locations to reduce costs had little effect, but the introduction of the variable rate storage rule (VSR) which adjusts the maximum storage rate facilitated convergence. In contrast, systematic evidence for alternative explanations of basis behavior is limited or fails to emerge. Empirical findings fail to the support the arguments that trading by commodity index funds, credit differentials favoring speculative financial firms, or irrational bubbles contributed in any measureable way to the non-convergence problem.
Futures markets exist to facilitate effective risk-shifting and efficient price discovery (e.g., Telser and Higinbotham 1977, Pirrong, Haddock, and Kormendi 1993) . Our model shows that if futures prices are driven by expectations of future wedges, then they fail to price cash grain. However, nonconvergence does not induce any welfare losses in our model because market participants have full information and understand the equilibrium. Moreover, firms that wanted to hedge cash price risk could design derivative contracts to, for example, price the option to load out from delivery instruments (Aulerich, Fishe, and Harris 2011) .
In reality, many firms may have been made worse off by the lack of convergence. The vigorous public debate surrounding the causes of non-convergence suggests that many market participants may not have fully understood the source of non-convergence and therefore may have misinterpreted the price signals received from futures prices. Specifically, our model shows there is a breakdown in Working's (1949) famous argument about the role of a futures market in the temporal allocation of stocks. The term spread provides a downward-biased estimate of the expected returns from storage when the price of storing the physical commodity exceeds the exchange-determined storage rate on the delivery instrument.
If this bias is not recognized and understood, market participants may underestimate the returns to storage and store less than is optimal. Even fully informed traders, who could theoretically enter into derivative contracts to achieve a desired hedge, would incur additional transactions costs in the presence of nonconvergence.
Nonetheless, grain and oilseed markets have so far taken non-convergence in stride. Volume and open interest for CBOT corn and wheat increased significantly though the non-convergence period, and these quantities increased at similar rates to other important commodity futures markets, such as NYMEX crude oil, which had no convergence problems. In contrast, numerous prominent futures contracts have undergone dramatic declines in trading when structural problems undermined their facility as hedging and price discovery tools. In agricultural markets, the most recent example is pork bellies, which ceased trading in 2011 because it was no longer useful as a hedging tool. In an earlier example, Working (1954) documents a dramatic decline in volume and open interest in Kansas City wheat futures in 1953 when a change in the value of delivery options caused the futures market to price soft rather than hard red winter wheat. The Kansas City contract lost about 70 percent of its trading volume in a two-month period and wheat trading in Kansas City only recovered when the exchange introduced a new futures contract that allowed only hard wheat to be delivered.
CBOT wheat has been the poster child for non-convergence. Consistent with our theory, the institution of a variable rate storage rule (VSR) appears to have resolved the immediate convergence problems in that market, but significant obstacles remain. The VSR is complicated and potentially prone to manipulation, and significant structural problems exist due to the fact that wheat production has moved away from Toledo, which remains the cheapest-to-deliver location (Irwin et al. 2011) . More broadly, the physical price of grain storage has increased significantly in recent years, and in wheat markets it has increased by more than would be expected for observed inventory levels even with spill overs from other grains caused by competition for bin space. The source of this rise remains a question for future research. The table shows the mean basis at expiration for contracts when the futures term spread was at full carry (defined as S t ≥-1c per bushel per month for S t as defined in (7)) and contracts when the term spread was less than full carry. The fixed delivery location is Toledo for CBOT Wheat, and Kansas City for KCBOT wheat. For corn and soybeans, the fixed delivery location is Toledo before 2000 and IL River North after. The KCBOT sample begins in 1990, the CBOT samples begin in 1986, and all samples end in September 2013. The last column shows the proportion of contract expirations at full carry. 
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